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ASYMPTOTIC INDEPENDENCE OF MULTIPLE WIENER-ITO 
INTEGRALS AND THE RESULTING LIMIT LAWS 

IVAN NOURDIN AND JAN ROSINSKI 



Abstract. We characterize the asymptotic independence between blocks consisting of 
multiple Wiener-Ito integrals. As a consequence of this characterization, we derive the 
celebrated fourth moment theorem of Nualart and Peccati, its multidimensional extension, 
and other related results on the multivariate convergence of multiple Wiener-Ito integrals, 
that involve Gaussian and non Gaussian limits. We give applications to the study of the 
asymptotic behavior of functions of short and long range dependent stationary Gaussian 
time series and establish the asymptotic independence for discrete non-Gaussian chaoses. 



1. Introduction 

Let B = (B t )tm + be a standard one- dimensional Brownian motion, q ^ 1 be an integer, 
and let / be a symmetric element of L 2 (M. q + ). Denote by I q (f) the g-tuple Wiener-Ito 
integral of / with respect to B. It is well known that multiple Wiener-Ito integrals of 
different orders are uncorrelated but not necessarily independent. In an important paper 
|17] . Ustiinel and Zakai gave the following characterization of the independence of multiple 
Wiener-Ito integrals. 

Theorem 1.1 (Ustiinel-Zakai). Letp,q ^ 1 be integers and let f E L 2 (M+) and g G L 2 (IR+) 
be symmetric. Then, random variables I p (f) and I q (g) are independent if and only if 



p+q-2 



f(x u x p _i, u)g(x p+ i, x p+ g_ 2 , u) du 



dx\ . . . dx p+q -2 = 0. (1.1) 



Rosinski and Samorodnitsky [15] observed that multiple Wiener-Ito integrals are indepen- 
dent if and only if their squares are uncorrelated: 

I p (f) ± I q {g) ^ Cov(J p (/) 2 , I q {gf) = 0. (1.2) 

This condition can be viewed as a generalization of the usual covariance criterion for the 
independence of jointly Gaussian random variables (the case of p — q — 1). 

In the seminal paper [TT| , Nualart and Peccati discovered the following surprising central 
limit theorem. 
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Theorem 1.2 (Nualart-Peccati). Let F n = I q (f n ), where q ^ 2 is fixed and f n E L 2 (R. q + ) 
are symmetric. Assume also that E[F%] = 1 for all n. Then convergence in distribution of 
(F n ) to the standard normal law is equivalent to convergence of the fourth moment. That 
is, as n -> oo, 

F n ^JV(0,l) ^ E[F*]^3. (1.3) 

Shortly afterwards, Peccati and Tudor [T2] established a multidimensional extension of 
Theorem 11.21 Since the publication of these two important papers, many improvements 
and developments on this theme have been considered. In particular, Nourdin and Peccati 
[7| extended Theorem ll.2l to the case when the limit of F n 's is a centered gamma distributed 
random variable. We refer the reader to the book [8j for further information and details of 
the above results. 

Heuristic argument linking Theorem 11.11 and Theorem 11.21 was given by Rosinski [T4"t 
pages 3-4], while addressing a question of Albert Shiryaev. Namely, let F and G be two 
i.i.d. centered random variables with fourth moment and unit variance. The link comes 
via a simple formula 

i C ov((F + G) 2 ,(F-G) 2 ) =E[F i ]-3, 

criterion (11.21) . as well as the celebrated Bernstein's theorem that asserts that F and G are 
Gaussian if and only if F + G and F — G are independent. A rigorous argument to carry 
through this idea is based on a characterization of the asymptotic independence of multiple 
Wiener-Ito integrals, which is much more difficult to handle than the plain independence, 
and may also be of an independent interest. The covariance between the squares of multiple 
Wiener-Ito integrals plays the pivotal role in this characterization. 

At this point we should also mention an extension of (jl.2p to the multivariate setting. 
Let / be a finite set and {qi)i^i be a sequence of non-negative integers. Let Fj = I qi (fi) 
be a multiple Wiener-Ito integral of order g i; i E I. Consider a partition of / into disjoint 
blocks Jfc, so that / = Uf. =1 Ik, and the resulting random vectors (F i ) ie i k , k = l,...,d. 
Then 

{(Fi)i<zi k : k < d} are independent Cov(F i 2 ,F J 2 ) = Vz,j from different blocks. (1.4) 

The proof of this criterion is similar to the proof of fll.2p in [15] . 

In this paper in Theorem 13.41 we establish an asymptotic version of (jl.4p characterizing 
the asymptotic moment-independence between blocks of multiple Wiener-Ito integrals. 
As a consequence of this result, we deduce the fourth moment theorem of Nualart and 
Peccati |11] in Theorem 14. 1} its multidimensional extension due to Peccati and Tudor 
|12] in Theorem 14.2} and some neat estimates on the speed of convergence in Theorem 
14.31 Furthermore, we obtain new multidimensional extension of a theorem of Nourdin 
and Peccati [7] in Theorem I4.5[ and give another new result on the bivariate convergence 
of vectors consisting of multiple Wiener-Ito integrals in Theorem 14.71 Proposition 15.31 
applies Theorem 14.71 to establish the limit process for functions of short and long range 
dependent stationary Gaussian time series in the spirit of the celebrated Breuer- Major [2] 
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and Dobrushin-Major-Taqqu |U[T6] Theorems. In Theorem 15 .41 we establish the asymptotic 
moment-independence for discrete non-Gaussian chaoses using some techniques of Mossel, 
O'Donnel and Oleszkiewicz [5]. 

The paper is organized as follows. In Section [2] we list some basic facts from Gaussian 
analysis and prove some lemmas needed in the present work. In particular, we establish 
Lemma 12. 3[ which a version of the Cauchy-Schwarz Inequality well suited to deal with 
contractions of functions, see (12. 8p . It is used in the proof of the main result, Theorem 
13.41 Section [3] is devoted to the main results on the asymptotic independence. Section H] 
gives some immediate consequences and related applications of the main result. Section 
provides further applications to the study of short and long range dependent stochastic 
processes and multilinear random forms in non-Gaussian random variables. 



2. Preliminaries 

We will give here some basic elements of Gaussian analysis that are in the foundations 
of the present work. The reader is referred to the books [8j [10] for further details and 
ommited proofs. 

Let fj be a real separable Hilbert space. For any q ^ 1 let Sj® q be the gth tensor 
product of fj and denote by Sj Qq the associated gth symmetric tensor product. We write 
X = {X(h),h G F)} to indicate an isonormal Gaussian process over Sj, defined on some 
probability space (f^J 7 , P). This means that X is a centered Gaussian family, whose 
covariance is given in terms of the inner product of ft by E \X{h)X(g)] = (h, g)$. We also 
assume that J 7 is generated by X. 

For every q ^ 1, let % q be the gth Wiener chaos of X, that is, the closed linear subspace 
of L 2 (Q, J 7 , P) generated by the random variables of the type {H q (X (h)) , h G -f), ||^||^ = 1}, 
where H q is the gth Hermite polynomial defined as 

H q (x) = (-l)<eT — (e-v). (2.5) 

We write by convention Hq = R. For any q ^ 1, the mapping 

I q {h®*) = H q (X(h)) (2.6) 

can be extended to a linear isometry between the symmetric tensor product $) &q equipped 
with the modified norm v^ll'll^®? an d the gth Wiener chaos 7-L q . For g = we write 
I (c) = c, c G R. 

It is well known (Wiener chaos expansion) that L 2 (Q, J 7 , P) can be decomposed into the 
infinite orthogonal sum of the spaces 7-L q . Therefore, any square integrable random variable 
F G L 2 (Q, J 7 , P) admits the following chaotic expansion 

oo 
q=0 
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where / = and the f q G -fj 09 , q ^ 1, are uniquely determined by F. For every q ^ 

we denote by J g the orthogonal projection operator on the gth Wiener chaos. In particular, 
if F G L 2 (fi, J 7 , P) is as in (1277)1 . then J 9 F = /,(/,) for every g ^ 0. 

Let {efc, ^ 1} be a complete orthonormal system in .£). Given / G i} 0p and (7 G $) Qq , 
for every r = 0, . . . ,pAq, the contraction of / and g of order r is the element of f)^ p+q ~ 2r ^ 
defined by 

f®r-g= ^2 (f' 6i i ® • • • ® e ir)^ r ® (#> e n ® • • • <E> e iT .)j5®r. (2.8) 
n,...,i r =i 

Notice that / ® r g is not necessarily symmetric: we denote its symmetrization by f<S> r g G 
^©(p+<?-2r)^ ]\/[ oreover) f <gi g = f ®g equals the tensor product of / and g while, for p — q, 
f ®qg = (/) g)?)®i- in the particular case where S) = L 2 (A, A, /i), where (A, A) is a measur- 
able space and fi is a a-finite and non-atomic measure, one has that $) &q = L 2 (A q , A® q , /i 0<? ) 
is the space of symmetric and square integrable functions on A q . Moreover, for every 
/ G F) Qq , I q (f) coincides with the g-tuple Wiener-Ito integral of /. In this case, ( 12. 8 p can 
be written as 



/ • • -,t p - r , Si, . . . , S r ) 

x g(t p - r+1 , . . . , t p+q -2n si, ... , s r )d//(si) . . . d{i(s r ). 

We have 

ll/®r^|| 2 = (/ ®p-r /, ®ff-r 0> for f = 0, . . . , J) A (J, (2.9) 

where (■) (|| ■ ||, respectively) stands for inner product (the norm, respectively) in an 
appropriate tensor product space f) 0s . Also, the following multiplication formula holds: if 
/ G S) &p and G -f) 09 , then 

pAg / \ / \ 

WKgfo) = E r! ^j (£) W*-(/®rf)> (2- 10 ) 

where f® r g denotes the symmetrization of / ® r g. 

We conclude these preliminaries by three useful lemmas, that will be needed throughout 
the sequel. 

Lemma 2.1. 

(i) Multiple Wiener-Ito integral has all moments satisfying the following hypercontractivity- 
type inequality 

[E\I p (f)\ r ] 1/r < (r- iy' 2 [E\I p {f)\ 2 ] l/ \ r > 2. (2.11) 

(ii) If a sequence of distributions of {I p {f n )}n>i is tight, then 

sup E\I p (f n )\ r < oo for every r > 0. (2-12) 
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Proof, (i) Inequality (12.111) is well known and corresponds e.g. to [HI Corollary 2.8.14]. 
(ii) Combining (12. lip for r = 4 with Paley's inequality we get for every 9 G (0, 1) 

P(|/ p (/)| 2 > 9E\I p (f)f) > (1 - Of^jjj^- > (1 - ^) 2 9" p . (2.13) 

By the assumption, there is an M > such that P(|/ p (/ n )| 2 > M) < 9~ p-1 , n > 1. By 
(I2.13P with 8 = 2/3 and all n, we have 

P(|/ p (/„)| 2 > M) < 9"^ < P(|/ p (/ n )| 2 > (2/3)P|/ p (/ n )| 2 ). 

As a consequence, P|/ p (/„)| 2 < (3/2)M. Applying (12TTH we conclude f l2TT2l) . □ 

Lemma 2.2. 

(1) Letp,q^ 1, / G i} 0p and g G -fj 09 . T/ien 

(2) Lei O 1 and / 1; / 2 , / 3 , / 4 G io 09 . Then 
q -i / N 2 

r=l 



(2.15) 



(3) Letq^l, f e $) &{2q) and g G ^ 0<? . We /iawe 



9 |2 |2 ^ ' / \ 2 



Proof. Without loss of generality, we suppose throughout the proof that ij is equal to 
L 2 (A, A, fi), where (A, A) is a measurable space and fi is a a-finite measure without atoms. 

(1) Let a be a permutation of {1, . . . ,p + q} (this fact is written in symbols as a G & p+q ). 
If r G {0, . . . ,p A q} denotes the cardinality of {1, . . . ,p} D {o~(p + 1), . . . , o~(p + q)}, then it 
is readily checked that r is also the cardinality of {p + 1, . . . ,p + q} D {cr(l), . . . , cr(p)} and 
that 



Ap+i 



f(tl, . . . , tp)g(t p+ i, . . . , t p+q )f(t a ( 

1) ) • • • j ^cr(p) 



(f® r g)(xi,...,x p¥q -. 2 r)dii(xi)...dii(x p+q - 7r ) = \\f® r g\\ . (2.17) 

Moreover, for any fixed r G {0, . . . , pAg}, there are pl(^)ql( 9 r ) permutations a G & p + g such 
that {1, . . . ,p} H {cr(p + 1), . . . , a(p + q)} = r. (Indeed, such a permutation is completely 
determined by the choice of: (a) r distinct elements yi, . . . , y r of {p + 1, . . . ,p + <?}; (&) 
p — r distinct elements y r +i, . . . , y p of {1, . . . ,p}\ (c) a bijection between {1, . . . ,p} and 
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{Vi, ■ ■ -,y P }; (d) a bijection between {p + 1, . . . ,p + q} and {l,...,p + q}\{y u . . .,y p }.) 
Now, observe that the symmetrization of / <g> g is given by 

f<S>g(ti, . . - jtp+g) = y~] f(t a (i),...,t a ( p ))g(t a ( p+ i),...,t a ( p+q )). 

Therefore, using ( 12.1 7ft . we can write 

\\f®g\\ 2 = (f®9,f®g)= , , x, Y] I f(ti,...,t p )g(t p+1 ,...,t p+q ) 

X /(^(l); • • • ^a(p))g(ta(p+l), ■ ■ ■ , • • ■ dfl(t p+q ) 

= ^^yy 11/ <8r ff|| 2 Card{a £ & p+q : {1, . . . ,p} D {<r(p + 1), . . . , a(p + q)} = r}. 

and (EUD follows. 

(2) We proceed analogously. Indeed, we have 

(fi £> / 2 , /a ® /*> = (/i ® /a, fs § A) 
= 77T3T / / / h(tl, ■ ■ ■ ,t q )f2(t q +i, ■ . . ,t 2q ) 

X /3(^(l), • • • > *<r(g))/4(£<r( g +l), • • • 5 *<r(2 ? ))^(*l) • • • dflfoq) 

1 9 

= T^Tj ®r /a, /4 ® r / 2 ) Card{a e 6 2g : {<r(l), . . . , D {1, . . . , q} = r}, 

from which we deduce (I2.15P . 

(3) We have 

(g<$g)(t 1 ,...,t 2q ) = j—y^ ^ g(tg(l), ■ ■ ■ ,t a (q))g(tg(q+l), ■ ■ ■ ,U(2q)) 



1 9 

7^3|5Z Yl g{ta(l),---,ta(q))g(t CT{q+1) ,...,t CTi 2q ) ), 

{a(l),...,cr(q)}n{l,...,q}=r 



and 



(f®qf)(tl, hq) = / f(tl, ...,t q ,X 1 ,..., X q )f{xi, ...,X q , t q+1 , . . . , t2q)dfl(xx) . . . dfl(x q ), 

J At 
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so that 

{f® q f,g®g) = {f® q f,g®g) 
1 q 

yx-^U ®r g, g ® r />Card{o e & 2q : Ml), . . . , a(q)} n {1, . . . , q} = r} 



(2?)! 

^E(?)V</®r*0®r/> 



r=0 
<? / \ 2 



(2?)- . 

[2 [2 j 9" 1 / \ 2 

= J5Sfft® q9 > 9 ® qf ) + (2^! (/ ®^'^ /)+ (2^)!^ W g!2(/ ®^'^® r/) - 

Since (/ ® g g,g ® q f) = {f ® g,g ® f) = (f ® q f,g ® g), the desired conclusion (I2.16P 
follows. □ 

Lemma 2.3 (Generalized Cauchy-Schwarz Inequality). Assume that S) = L 2 (A,A,fi), 
where (A, A) is a measurable space equipped with a a-finite measure [i. For any integer 
M ^ 1, put [M] = {1, M}. Also, for every element z = (z±, Zm) £ A M and every 
nonempty set c C [M], let z c denote the element of A^ (where \c\ is the cardinality of c) 
obtained by deleting from z the entries with index not contained in c. (For instance, if 
M = 5 and c = {1, 3, 5}, then z c = (z\, 23, Z5) .) Let 

(a) C, q ^ 2 be integers, and let Ci,...,c q be nonempty subsets of [C] such that each 
element of [C] appears in exactly two of the Ci 's (this implies that (J. Cj = [C] and 

let hi,...,h q be functions such that hi E Z> 2 (/x' Ci ' ) := L 2 (A^ Ci ', A Ci *, /x' *') for every 

% — 1, q (in particular, each hi is a function of |cj| variables). 

Then 

pi 1 

i=i 1 i=i 

Moreover, if c := Cj fl 7^ /or some j 7^ fc, taen 

9 q 



where 



hj ® Co h k (z CjAck ) = / hj(z Cj )h k (z Ck ) /i |col (dz 

(Notice that hj £g) Co fa*. = /ij (g)i co i ft,*. u>nen and fa*, are symmetric.) 

Proof. In the case q = 2, (I2.18P is just the Cauchy-Schwarz inequality and (I2.19P is 
an equality. Assume that (I2.18p - (l2.19p hold for at most q — 1 functions and proceed by 
induction. Among the sets c±, . . . , c q at least two, say Cj and have nonempty intersection. 
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Set Co := Cj flCfc, as above. Since Cq does not have common elements with c« for all i 7^ j, k, 
by Fubini's theorem 

/ '[h i (z Ci ) t j l c (dz l c i )= h J ® Co h k (z CjAck )][h i (z Ci ) f i c -^(dz [c]Vo ). (2.20) 

Observe that every element of [C] \ cq belongs to exactly two of the q — 1 sets: CjAck, Ci, 
i 7^ j, k. Therefore, by the induction assumption, ( 12.181) implies ( I2.19p . provided CjAct 7^ 0. 
When Cj = c^, we have hj ® Co hj. = (hj, h^) and (I2.19P follows from (I2.18P applied to the 
product of q — 2 functions in (I2.20p . This proves (I2.19p . which in turn yields (I2.18P by the 
Cauchy-Schwarz inequality. The proof is complete. □ 



3. The main results 

The following theorem characterizes moment-independence of limits of multiple Wiener- ltd 
integrals. 

Theorem 3.1. Let d ^ 2, and let q±, . . . ,q d be positive integers. Consider vectors 

(Fl,n, ■ ■ ■ ,F din ) = (l qi (fl, n ), ■ ■ ■ , Iq d (fd,n)) , Tl ^ 1, 

with fi tn G Sj Qqi . Assume that for some random vector (U±, . . . , U d ), 

(F 1>n , . . . , F d>n ) ^ (Ux, ■ ■ ■ , U A ) asn^oo. (3.21) 

Then Ui 's admit moments of all orders and the following three conditions are equivalent: 

(a) U u ...,U d are moment-independent, that is, E[U^ . . . U^ d ] = E[U^] . . . E[U^ d ] for 
all kt,...,k d e N; 

(/?) hm^ Cov(F* n , FU = for all i ± j; 

(7) lim^oo ||/ iin <g> r / ijn || = for all i 7^ j and all r = 1, . . . ,q { A qy, 

Moreover, if the distribution of each U is determined by its moments, then (a) is equivalent 
to that 

(S) Ui, . . . , U d are independent. 
Remarks 3.2. 

(1) Theorem 13.11 raises a question whether the moment-independence implies the usual 
independence under weaker conditions than the determinacy of the marginals. (Re- 
call that a random variable having all moments is said to be determinate if any other 
random variable with the same moments has the same distribution.) The answer 
is negative in general, see jU Theorem 5 ] . 
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(2) Assume that d = 2 (for simplicity). In this case, (7) becomes ||/i (n ® r f2,n\\ ~~ ^ 
for all r = 1, . . . , gi A g2- In view of Theorem 11.11 of Ustiinel and Zakai, one may 
expect that (7) could be replaced by a weaker condition (7'): ||/i, n ®i /2,n|| ~~ ► 0. 
However, the latter is false. To see it, consider a sequence f n G -f) 02 such that 



||/„|| 2 = \ and ||/ n ® x f n \\ -)■ 0. By Theorem O below, F n := J 2 (/„) ^ [/ ~ 
iV(0, 1). Putting /i jn = / 2in = /„, we observe that (7') holds but (a) does not, as 

(3) Taking into account that assumptions (7) and (5) of Theorem 14.11 are equivalent, 
it is natural to wonder whether assumption (7) of Theorem 13.11 is equivalent to its 
symmetrized version: 

lim || f in iv f j n \\ = for all i ^ j and all r = 1, . . . , q { A g,-. 

n— >oo 

The answer is negative in general, as is shown by the following counterexample. 
Let fi, /*2 : [0, l] 2 — > IR be symmetric functions given by 

-1 s,te [0,1/2] . Me (1/2,1] 



Then (/i,/ 2 ) = and 



elsewhere. 



-1 if s e [0, 1/2] and t e (1/2, 1] 
(/1 ®i / 2 )(a, t) = <( 1 if £ £ [0, 1/2] and s G (1/2, 1] 

elsewhere, 

so that /1 §i / 2 = and ||/i ® a / 2 || = v^- 

(4) The condition of moment-independence, (a) of Theorem 13. 1[ can also be stated in 
terms of cumulants. Recall that the joint cumulant of random variables Xi, . . . , X m 
is defined by 

k(X u . . . , X m ) = H) m K d " \ log E[e l{tlXl+ - +tmXm) ] | 

provided E\X\ ■ ■ ■ X m \ < oo. When all Xi are equal to X, then ft(X, . . . , X) = 
K m (X), the usual mth cumulant of X, see (6|. Then Theorem 13.1( a) is equivalent 
to 

(a') for all integers 1 < j% < ■ ■ ■ < jk < d, k > 2, and mi, ... , > 1 

K( r l: .....r J: . . . . , u jh ,. u jh ) = o. (3.22) 

mi m k 

Theorem 13.11 was proved in the first version of this paper j9] . Our proof of the crucial 
implication (7) (a) involved tedious combinatorial considerations. We are thankful to 
an anonymous referee who suggested a shorter and more transparent line of proof using 
Malliavin calculus. It significantly reduced the amount of combinatorial arguments of the 
original version but requires some basic facts from Malliavin calculus. We incorporated 
referee's suggestions and approach into the proof of a more general Theorem 13.41 Even 
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though Theorem 13.11 becomes a special case of Theorem 13.41 (see Corollary 13 .6[) . we keep 
its original statement for a convenient reference. 

Definition 3.3. For each n ^ 1, let F n = (F in ) ie j be a family of real-valued random 
variables indexed by a finite set I . Consider a partition of I into disjoint blocks Ik, so 
that I = Ufc =1 /fc. We say that vectors (F itn ) ie j k , k — 1, . . . , d are asymptotically moment- 
independent if each Fi >n admits moments of all orders and for any sequence of 
non-negative integers, 

Hm{*[n^-n*[n*sj}=°- < 323 > 

«S/ k=l i&Ik 



The next theorem characterizes the asymptotic moment-independence between blocks 
of multiple Wiener-Ito integrals. 

Theorem 3.4. Let I be a finite set and (qi)i^i be a sequence of non-negative integers. 
For each n ^ 1, let F n — (i 7 ^)^/ be a family of multiple Wiener-Ito integrals, where 
Fi^n = Iqi(fi,n) with f\ n e Sj &qi . Assume that for every i £ I 

supE[F? n ] <oo. (3.24) 

n 

Given a partition of I into disjoint blocks Ik, the following conditions are equivalent: 

(a) random vectors (F ijn ) ie i k , k = 1, . . . , d are asymptotically moment-independent; 

(b) Hindoo Cov(F? n , F? ) = for every i,j from different blocks; 

(c) lim n _ >00 \\fi. n ® r fj, n \\ = for every i,j from different blocks and r — 1, . . . , q^ A qj. 

Proof. The implication (a) =£► (b) is obvious. 

To show (b) (c), fix i,j belonging to different blocks. By ( I2.10P we have 

qiAqj /V\ (oj\ 

Fi,nFj,n ^ ^ f \ f J f Jlqi+qj—2r(fi,n®rfj,n)y 

which yields 

l^lj , \ 2 / \ 2 

Moreover, 

E[Fl}E[Fl n }=qMMkn\\ 2 \\kn\\ 2 - 
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Applying (I2.14p to the second equality below, we evaluate Cov(F i 2 n , F? n ) as follows: 
Cov(i^ n , Ff n ) = (ft + q 3 )\\\kn®f hn \\ 2 ~ ft!fc!||/i,»ll a H/i,n|| a (3-25) 



HMj , v 2 / \ 2 
+ E H2 ( g ;J (jj (» + ^-2r)'IIAn®r/i,„|| a 

E (j) (jj HA" ®r W + E H2 ( g ;j (jj (* + * - 2 OI|l/*,n®r/i,n|| a 

^ max ||/ in <g> r /j,n|| 2 - (3.26) 

r=l,...,(jiA(jj 

This bound yields the desired conclusion. 

Now we will prove (c) =>■ (a). We need to show (I3.23P for fixed U. Writing as 
Fi n x ... x Fi n and enlarging I and J^'s accordingly, we may and do assume that all 

h 

— We will prove (I3.23P by induction on Q = Yliei ft- The f° rm ula holds when Q = 
or 1. Therefore, take Q > 2 and suppose that ( I3.23P holds whenever ^ i6 jft < Q — 1. 
Fix z - ! G I i and set 

-Xn = \\ IqAAn), Yn = Iq 3 {fj,n)- 

ieh\{h} jei\h 

Assume that q± > 1, otherwise the inductive step follows immediately. Let 5 denote the 
divergence operator in the sense of Malliavin calculus and let D be the Malliavin derivative, 
see [TO] Ch. 1.2-1.3]. Using the duality relation |10[ Def. 1.3.1(h)] and the product rule 
for the Malliavin derivative [3] Theorem 3.4] we get 

E[Y[F hn ] = E[l qn (f nin )X n Y n ] ^ E[8{I qii ^{f il>n ))X n Y n ] 
iei 

= S[/« 1 -l(/i 1 ,n) ®lD{X n Y n )] 

= E[Y n I qii ^(f n , n ) ®i DX n ] +E[X n I q . i - 1 (f iun ) ®i DY n ] 
= A n + B n . 

First we consider B n . Using the product rule for DY n we obtain 

B n= E E [h n ~l(hun)®lDF hri \{ F i>n ] 

jei\h iel\{h,j} 

= E ^Vin-iUix^) ®i Iq-iihn) II F vJ" 
jei\ii iei\{h,j} 

By the multiplication formula (12.101) we have 

qilAqj f - W f - 1\ 

I^-lifiun) ®l I qj -l(hn) = E ( S " J J (j_ 1 J^ 1 -h & -a.(/ii,»®./i.»)- 



r=l 

H A 1j / \ / \ * A ?J / \ 2 / \ 2 
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Since %\ and j belong to different blocks, condition (c) of the theorem applied to the above 
expansion yields that I q . _i(/i 1)Tl ) <8>i I qj -i{fj, n ) converges to zero in L 2 . Combining this 
with (I3.24p and Lemma [2.11 we infer that lim^oo B n = 0. 

Now we consider A n . If Card(ii) = 1, then X n = 1 by convention and so A n = 0. Hence 

d 

lim \E [ TT F hn ] - E [F il>n ] Y\ E [T] F -n] } = lim B n = 0- 

iel k=2 i£l k 

Therefore, we now assume that Card(Ji) > 2. Write A n = E[Z n Y n ], where 

= E ft J «i-l(/«,n) ®l J «-l(/i,n) II F J> 

j'G/i\{n,i} 

= E ft £(«-!)! 'Li) (*_ 1 )V-HN-a-(/n,n®./i,») II F ^ 

ieh\{h} s=l \ / V / ieI\{M} 

Thus A n is a linear combination of the terms 

■#[(jg <1 + g< -2s(/ii,n®s/i ) »i) ^>,n) ^i] , 

je/i\{ii,i} 

where £ /j, j'i ^ i, 1 < s < A The term under expectation is a product of 
multiple integrals of orders summing to Yljei Qj ~ Therefore, the induction hypothesis 
applies provided 

lim {f ilt n®sfi,n) ®r fj,n = (3.27) 
n— >oo 

for all j £ Ik with k ^ 2 and all r = 1, . . . , (q^ + — 2s) A 
Suppose that (I3.27P holds. Then by the induction hypothesis 

lim {A n -E[Z n }E[Y n }} =0. 

n—toc 

Moreover, 

E[Z n ] — E[l qii -i(fi un ) ®! DX n ] = E[I qii (f ilin )X n ] = E[Y[F itn ]. 

Hence, by the induction hypothesis applied to Y n and the uniform boundedness of all 
moments of F^ n , we get 

d 

lim {s[TTF ijB ] -TT^III^.J) = lim \A n -E[Z n }E[Y n }\ = 0. 

It remains to show (l3.27j) . To this aim we will describe the structure of the terms under 
the limit (I3.27p . Without loss of generality we may assume that $) = L 2 (fi) := L 2 (A, A, fi), 
where (A, A) is a measurable space and fi is a a-finite measure without atoms. Recall 
notation of Lemma 12.31 For every integer M ^ 1, put [M] = {1,...,M}. Also, for 
every element z = (z±, Zm) £ A M and every nonempty set c C [M], we denote by z c the 
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element of A' c ' (where |c| is the cardinality of c) obtained by deleting from z the entries with 
index not contained in c. (For instance, if M = 5 and c = {1, 3, 5}, then z c = (z±, z%, Z5).) 

Observe that (fi lt n®sfi,n) ®r fj,n is a linear combination of functions -^(zjj, z £ A M 
obtained as follows. Set M = + + qj — s — r and Mq = q^ + — s, so that 
M > Mo > 2. Choose 61, 62 C [Mo] such that |&i| = g^, | Z?2 1 = g» and |6i fl^l =5, and then 
choose b 3 C [M] such that |6 3 | = qj and |6 3 n (61 U 6 2 ) | =r. It follows that b 1 Ub 2 Ub 3 = [M] 
and 61 fl 62 H &3 = 0. Therefore, each element of [M] belongs exactly to one or two b^s. Let 

J = {j £ [M] : j belongs to two sets b-i} 

and put Ji = [M] \ J. Then (fi lt n®sfi,n) ®r fj,n is a linear combination of functions of the 
form 

^(ZJl) = / /n,n(z fol )/i,„(z b2 )/ jin (z b3 )/i |J| (0?Zj), 

where the summation goes over all choices 61, 62 under the constraint that the sets b\ fl 62 
and 63 are fixed. This constraint makes J x unique, \ Ji\ = q it + g 4 + g, — 2s — 2r. 

Let q = hi fl J, i = 1, 2, 3 and notice that either C\ fl c 3 7^ or c 2 fl c 3 7^ since r > 1. 
Suppose c = Ci fl c 3 7^ 0, the other case is identical. Applying Lemma 12.31 with z Jl fixed 
we get 

^(Zjjl 2 < |/i 1>n ®|c| fj,n( Z biAb 3 )\ 2 / |/i,„(z b2 )| 2 /i |C2 '(^Z C2 ) 

Since &1A63 and 63 \ C3 make a disjoint partition of J 1; and additional integration with 
respect to Zj t yields 

IHIl2(>I Ji1 ) < <8>\co\ fj,n\\ L ^(^i^b 3 \) 1 1 fi,n 11^(^2 1) 

as n —7- 00. This yields (I3.27P and completes the proof of Theorem 13.41 □ 

Remark 3.5. Condition (b) of Theorem 13.41 is equivalent to 
(b') for every 1 < k 7^ I < d 

lim Cov(\\(F hn ) t£l j\\\(F hn ) ieI f) = 0, 

n— >oo 

where ||-|| denotes the Euclidean norms in M' /fc ' and W 1 ^ respectively. 

Proof. Indeed, condition (b) of Theorem 13.41 implies (b') and the converse follows from 

Cov(||(F vrt ) ie7 J|M|(F lin ) l6/i || 2 ) = Cov^i^J > Cov(i^F|J, 

as the squares of multiple Wiener-Ito integrals are non-negatively correlated, cf. (I3.26p . □ 

The following corollary is useful to deduce the joint convergence in law from the con- 
vergence of marginals. It is stated for random vectors, as is Theorem 13.41 but it obviously 
applies in the setting of Theorem 13.11 when all vectors are one-dimensional. 



Corollary 3.6. Under notation of Theorem 



let (Ui)i & i be a random vector such that 
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(i) (F i>n ) ieIk ™ (Ui) ieIk as n -> oo, for each k; 

(ii) vectors (Ui)i e j k , k = 1, . . . , d are independent; 

[in) condition (b) or (c) of Theorem \3.J\ holds [equivalently, (j3) or (7) of Theorem \3.1\ 



when all Ik are singletons]; 
(iv) C(Ui) is determined by its moments for each i G / . 
Then the joint convergence holds, 

(Fi,n)iei ^ (Ui) ie i, n ->■ 00. 
Proof: By (i) the sequence {(-Fi, n )ie/}n>i is tight. Let (Vi)ier be a random vector such that 

(Fi ,nj)i€zl 

— >■ (Vi)j G / 

as rij 00 along a subsequence. From Lemma I2.1( ii) we infer that condition f)3.24p of 

Theorem 13.41 is satisfied. It follows that each Vi has all moments and (Vi)» e j ft l = (Uj)i e i k 
for each k. By (iv), the laws of vectors (Ui)i £ j and (Vi)i e i are determined by their joint mo- 
ments, respectively, see [T3| Theorem 3]. Under the assumption (iii), the vectors (F i)n )i e i k , 
k = l,...,d are asymptotically moment independent. Hence, for any sequence {tiji^i of 
non-negative integers, 

iei iei iei k=i iei k 

j 



iei k=l iel k 

Thus (Vi) ieI = (Ui) ieI . D 

4. Applications 
4.1. The fourth moment theorem of Nualart-Peccati. 



We can give a short proof of the difficult and surprising part implication (/3) =>- (a) of the 
fourth moment theorem of Nualart and Peccati [TTJ, that we restate here for a convenience. 

Theorem 4.1 (Nualart-Peccati). Let (F n ) be a sequence of the form F n = I q (f n ), where 
q ^ 2 is fixed and f n € f) 0<? . Assume moreover that E[F%\ = q ] -\\f n \\ 2 — 1 f or M n - Then, 
as n — y 00, the following four conditions are equivalent: 

(a) F n l ^N(0,l); 

(/?) E[F±} -> 3; 

(7) Wfn ®r /nil -> for all r = 1, . . . , q - 1; 

(5) ||/n®r/n|| -> /or aZZ r = 1, . . . , q - 1 . 
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Proof of (P) =>■ (a). Assume (/?). Since the sequence (F n ) is bounded in L 2 (Q) by the 
assumption, it is relatively compact in law. Without loss of generality we may assume that 

F n ^ Y and need to show that Y ~ A^O, 1). Let G n be an independent copy of F n of the 
form G n = I q (g n ) with /„ £g>i g n = 0. This can easily be done by extending the underlying 
isonormal process to the direct sum © Sj. We then have 

(I q Un + gn) , h (fn ~ 9n)) = (K + G n , F n - G n ) ^ (Y + Z,Y - Z) 

as n — > oo, where Z stands for an independent copy of Y. Since 

icov[(F n + C7 n ) 2 , (F n - G n ) 2 } = E[Fi] -3^0, 

Y + Z and Y — Z are moment-independent. (If they were independent, the classical 
Bernstein Theorem would conclude the proof.) However, in our case condition (a') in 
( 13T22|) says that 

k(Y + Z, . . . , Y + Z, Y - Z, . . . , Y - Z) = for all m x , m 2 > 1. 

11 v ' V v ' 

mi m,2 

Taking n > 3 we get 

= k( Y + Z,. . .,Y + Z , Y-Z,Y-Z) 
= Kiy^Y) + k(Z 1 _^Z) = 2K n (Y), 

n n 

where we used the multilinearity of k and the fact that Y and Z are i.i.d. Since Ki(Y) = 0, 
k 2 (Y) = 1, and n n (Y) = for n > 3, we infer that Y ~ N(0, 1). □ 

4.2. Generalizing a result of Peccati and Tudor. 

Applying our approach, one can add a further equivalent condition to a result of Peccati 
and Tudor \12\ . As such, Theorem 14.21 turns out to be the exact multivariate equivalent of 
Theorem 14.11 

Theorem 4.2 (Peccati- Tudor). Let d ^ 2, and let qi, . . . ,qd be positive integers. Consider 
vectors 

F n = (Fl,n, ■ ■ ■ ,Fd,n) = (l qi (fl,n), ■ ■ ■ , Iq d (fd,n)) 7 n ^ I7 

with f i n G fy Gqt . Assume that, for i,j = l,...,d, as n — > oo, 

Cov F ) <Tij. (4.28) 

Let N be a centered Gaussian random vector with the covariance matrix X = {o~ij)i<a^^d- 
Then the following two conditions are equivalent (n — > oo): 

(i) F n ^ N; 

(ii) E\\\FX] ^E[\\Nt]; 

where II ■ II denotes the Euclidean norm in M. d . 
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Proof. Only (ii) =>■ (i) has to be shown. Assume (ii). As in the proof of Theorem 14. 1[ we 

may assume that F n Y and must show that Y ~ Ad(0, E). Let G n = (Gi, n , • • • , Gd, n ) 
be an independent copy of F n of the form (J gi ((yf l n ), . . . , I qd (g dt n))- Observe that 



-Cov(||F n + G n || 2 ,||F n -G n || 2 ) 



d 

= E[\\F n \\ 4 } - (^[||F n || 2 ]) 2 - 2 J2 Cov{F^F hn f. 

Using this identity for N and N' in place of F n and G n , where N' is an independent copy 
of N, we get 

d 

E[\\Nf] = E + 2 4)- ( 4 - 29 ) 

Hence 

1 „ / ,, „ „ ,,2 n „ „ n2 



2 Cov( \\F n + G n \\ 2 , \\F n - G n \\ 2 ) = £[||F n || 4 ] - E 

d 

+ + 2 4 ~ Var(F ii „)Var(F ii n ) - 2Cov(F; 

,ni Ej,n 



By Remark 13.51 F n + G n and F n — G n are asymptotically moment-independent. Since 
one-dimensional projections of F n + G n and F n — G n are also asymptotically moment- 
independent, we can proceed by cumulants as above to determine the normality of Y . □ 

The following result associates neat estimates to Theorem 14.21 

Theorem 4.3. Consider a vector 

F = (F 1 ,...,F d ) = (I n {f 1 ),...,I qd (f d )) 

with fi € £) &qi , and let E = ((Tij)i^ij^d be the covariance matrix of F, = E[FiFj]. Let 
N be the associated Gaussian random vector, N ~ A^(0, E). 

(1) Assume that E is invertible. Then, for any Lipschitz function h : M d — > R we have 



\E[h(F)} - E[h(N)]\ ^v/rfllEll^HE- 1 ! 



op 



Lipy /E\\F\\*-E\\N\\\ 



where \\-\\ denotes the operator norm of a matrix and \\h\\up = su Px,j,eM d 
(2) For any C 2 -function h : M. d — > K. we have 

1 



|fe(x)-fe(y)| 



\\ x -y\\ 



\E[h(F)} - E[h(N)}\ ^ -\\h"\ 



E\\F\r — E 



where ||^"||oo = maxi^,^ sup x 



d 2 h 



[x, 
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Proof. The proof is divided into three steps. 

Step 1: Recall that for a Lipschitz function h : M. d — > R [HI Theorem 6.1.1] yields 



\i,j=i L q i > 

while for a C 2 -function with bounded Hessian [HI Theorem 6.1.2] gives 



\E[h{F)]-E[h{N)]\^ 1 -\\h"\\ Y, E {(^-^ DF ^ DF ^ 2 }- 

Step 2: We claim that for any i,j — l,...,d, 

E | - -^-(DFi, DFj}) 2 ^j ^ Cov(if, Ff) - 2a%. 
Indeed, by [8] identity (6.2.4)] and the fact that Oij = if qi ^ qj, we have 
E^-^DF.DF,)) 2 ^ 



Q 2 Er=i j (r ' l)! 2 (ri) 2 (ri) 2 fe + Qi ~ 2r)!||/^|| 2 if ft ^ ft- 



ft 2 Er=i ( r ~ iy 2 ( q ;:l) (2 qi - 2r)!||/ i ® r / i || ! 



if qi = qj 



Er=i J r ' 2 (r) 2 ( <? /) Z (^ + «i - 2r)!||/,® r /,|| 2 if qi ± q 3 



T, q ;= 1 1 r\ 2 ( g ;y(2q l -2r)\\\f l ® r f j \ 



if ft = qj 



On the other hand, from (I3.25P we have 



Cov(if,if)-24 

' Qik^^^&u^m 2 

+ Et? H 2 («;) 2 (*) 2 fe + Qj - 2r)\\\f l ® r f j r if q { ? q 3 

< 



Zr= 1 r\ 2 { q ;y(2q l -2r)\\\f l ® r f J 



if qi = qj 



The claim follows immediately. 
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Step 3: Applying (I4.29P we get 



E\\Ft - E\\Nf = {E[F?F>] - Wji ~ 2oJ) 

= £,{Cov{F?,Ff)-2o>}. 
Combining Steps 1-3 gives the desired conclusion. □ 



4.3. A multivariate version of the convergence towards x 2 - 

Here we will prove a multivariate extension of a result of Nourdin and Peccati [TJ. Such an 
extension was an open problem as far as we know. 

In what follows, G{y) will denote a random variable with the centered \ 2 distribution 

having v > degrees of freedom. When v is an integer, then G[y) = X^=i(^? — •"•)> where 
Ni,...,N„ are i.i.d. standard normal random variables. In general, G{y) is a centered 
gamma random variable with a shape parameter vjl and scale parameter 2. Nourdin and 
Peccati [7J established the following theorem. 

Theorem 4.4 (Nourdin- Peccati). Fix v > and let G{v) be as above. Let q ^ 2 be 
an even integer, and let F n = I g (f n ) be such that lim n _ > . 00 -Efi^] = E[G{v) 2 ] = 2v. Set 
c q = 4 [(g/2)!] 3 [g!] -2 . Then, the following four assertions are equivalent, as n — > oo: 

(a) F n ^G{u); 

(f3) E[F£] - 12E[F%] -»• E[G{uf} - \2E[G{uf] = \2v 2 -A%v; 

(7) \\fn<8> g /2fn ~ c q X fn\\ -> 0, and \\f n {g) r / n || ^ /or even/ r = 1, g - 1 swc/i i/iai 
r ^ g/2; 

(£) - Cq x fn\\ -> 0, and ||/ n §> r / n || ->■ /or even/ r = 1, ...,g - 1 such that 

r ^ g/2. 

The following is our multivariate extension of this theorem. 

Theorem 4.5. Let d ^ 2, let Ui, ... , r/^ fre positive reals, and let qx, . . . , q^ ^ 2 &e even 
integers. Consider vectors 

F n = {F\,m ■ ■ ■ , Fd,n) = (l qi (fl,n), • • • , Iq d (fd,n)), Tl ^ 1, 

G fj 0l3i , sitc/i t/icrf limn^oo i£[i^ 2 n ] = 2vi for every i — 1, . . . , d. Assume that: 

(i) £7[*£J - 12E[F? n ] 12z/ 2 - 48vi for every i; 

(ii) lim n ^ 00 Cov(F? n , F? re ) = whenever g, = g^ /or some i 7^ j; 
(ii) lirrv^oo E[F? n F jin ] = whenever qj = 2g;. 
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Then 

(F 1 , n ,...,F d , n ) l ^(G(u 1 ),...,G(u d )) 

where G(vi), . . . , G{v d ) are independent random variables having centered y 2 distributions 
with Ui, . . . , v d degrees of freedom, respectively. 

Proof. Using the well-known Carleman's condition, it is easy to check that the law of G(u) 
is determined by its moments. By Corollary 13.61 it is enough to show that condition (7) of 
Theorem 13.11 holds. 

Fix 1 ^ i ^ j ^ d as well as 1 ^ r ^ ft A ft. Switching i and j if necessary, assume that 
ft ^ qj. From Theorem 14.4( 7) we get that fk n £g> r f^ n — > for each 1 ^ k ^ d and every 
1 ^ r ^ qk — 1, except when r = ft/2. Using the identity 

|| fi.n ®r /j',n|| (fi,n ®qi—r fi,ny fj,n ®qj—r fj,n) (4.30) 

(see (12. 9p ) together with the Cauchy-Schwarz inequality we infer that condition (7) of 
Theorem 13.11 holds for all values of r, % and j, except of the cases: r = ft = ft, r = ft/2 = 
qj/2, and r = ft = qj/2. Assumption (2) together with (I3.26P show that f in ® r fj n — > 
for all 1 ^ r ^ ft = qj. Thus, it remains to verify condition (7) of Theorem 13.11 when 
r = qi = qj/2. Lemma [2.21 (identity (I2.16P therein) yields 

\fj,n fj,nj fi,n ® fi,n) 
= K if,, «. /„„ /,„ « fi.n) + *? £ (•)«». A-. A, /,») ■ 

9i- Qj- s=1 \ s / 

Using (I4.30p and Theorem 14.41 and a reasoning as above, it is straightforward to show that 
the sum YH'=i {fj,n®sfi,m fi,n®sfj,n) tends to zero as n — > 00. On the other hand, the 
condition on the ft-th contraction in Theorem I4.4( £) yields that fj >n £g> gi fj >n — c q .fj^ n — > 
as n —7- 00. Moreover, we have 

(fj,n,fi,n®fi,n) = —:E[F jtn Ff^, 

Qj- 

which tends to zero by assumption (ii). All these facts together imply that 
(fj,n ® qi fj,n, fi,n ® fi,n) -» as n -> oo. Using (|4.30p for r = ft we get f i>n ® gi f jiU -> 0, 
showing that condition (7) of Theorem 13. II holds true in the last remaining case. The proof 
of the theorem is complete. □ 

Example 4.6. Consider F n = (F hn ,F 2t n) = (I qi (h,n), Iq 2 (f2,n)), where 2 < ft < ft are 
even integers. Suppose that 

£[*!,„] - 6J5[f? |B ] -> -3, and 
£[F 2 2 n ] 2, E[F 2 4 in ] - 6£[F 2 3 J ^ 0, as n -»• 00. 
When qi = ft or ft = 2ft we require additionally: 

Cov(F 2 , F 2 ) -> (ft = ft), £[F 2 F 2 , n ] ^ (ft = 2ft). 
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Then Theorem 14.51 (the case V\ = 2, z/ 2 = 4) gives 

F n 1 ^{V 1 -l,V 2 + V a -2) 
where V±, V2, V3 are i.i.d. standard exponential random variables. 

4.4. Bivariate convergence. 

Theorem 4.7. Let pi, . . . ,p r , qi, . . . , q s be positive integers. Assume further that minp^ 
max qj . Consider 

(-^l,n; • • • j Fr,m Gi jU , . . . , G s ,n) (-^Pi (/l,n) i ■ ■ ■ i Ip r (fr,n) i Iq\ (,9l,n) i ■ ■ ■ i Iq s (9s,n)*) j Tl ^ 1, 

with fi >n G $) &n and g^ n G fj 0l3j ■ Suppose that as n — > oo 

F n = (F hn ,...,F r , n ) 1 ™N and G n = (G 1<n , . . . , G s>n ) ^ V, (4.31) 

where N ~ N r (0, £), i/ie marginals of V are determined by their moments, and N,V are 
independent. If E[F iin Gj tn ] — >■ (which trivially holds when pi ^ qj) for all then 

(F n ,G n ) l ^(N,V) (4.32) 

jointly, as n — > oo. 

Proof. We will show that condition (c) of Theorem 13.41 holds. By f)2.12p we may and 
do assume that E[F? n ] = 1 for all i and n. By Theorem 14.1( 7). \\fi,n ®r /»,n|| ~~ f° r an 
r = 1 , . . . , pi — 1 . Observe that 

||y«,n ®r fl'j,n|| (fi,n ®p^— r fi,ni 9j,n ®qj—r 9j,n) 

so that \\fi^ n ® r gj> n \\ — > for 1 < r < A qj = qj, except possibly when r = p^ = qj. But 
in this latter case, 

Pil\\fi,n ®r9j,n\\ = Pi-\(fi,n, 9j,n)\ = \E[F i>n Gj >n ]\ -> 

by the assumption. Corollary 13.61 concludes the proof. □ 
Theorem 14.71 admits the following immediate corollary. 

Corollary 4.8. Let p ^ q be positive integers. Consider two stochastic processes F n = 
(I p (ft,n))t€T an d G n = (I q (g ttn )) teT , where f tjn G $) Qp and g t>n G $) &q . Suppose that as 
n — > oo 

F n f 'H> d ' X and G n Y, 
where X is centered and Gaussian, the marginals of Y are determined by their moments, 
and X, Y are independent. If E[I p (ft >n )Iq(g s ,n)] ~~ >* (which trivially holds when p ^ q) for 
all s, t G T , then 



{F n ,G n ) f 4 d - (X,Y) 



jointly, as n — > oo. 
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5. Further Applications 

5.1. Partial sums associated with Hermite polynomials. Consider a centered sta- 
tionary Gaussian sequence {Gk}k^i with unit variance. For any k ^ 0, denote by 

r(k) = Eidd+k] 

the covariance between G\ and G\ + k- We extend r to Z_ by symmetry, that is, r(k) = 
r(—k). For any integer q ^ 1, we write 

\nt\ 
k=l 

to indicate the partial sums associated with the subordinated sequence {H q (Gk)}k^i- Here, 
H q denotes the qth Hermite polynomial given by ( 12. 51) . 

The following result is a summary of the main finding in Breuer and Major |2]. 

Theorem 5.1. IfYlk&z \ r {k)\ q < oo then, as n — >■ oo, 

1 /2 

where B is a standard Brownian motion and a q = \q\ Ylkez r (k) q ] 

Assume further that the covariance function r has the form 

r(jfc) = k~ D L{k), k^l, 

with D > and L : (0, oo) — > (0, oo) a function which is slowly varying at infinity and 
bounded away from and infinity on every compact subset of [0, oo). The following result 
is due to Taqqu |16j . 

Theorem 5.2. J/0 < D < \ then, as n — >■ oo, 

^2,n f.d.d. , D 

— f D Ki-D, 



n^ D L(n) 

where bo = [(1 — D){1 — 2D)] and Rh is a Rosenblatt process of parameter H — 1 — D, 
defined as 

R H (t) = c H I 2 (f H (t,-)), t>0, 

with 



* Hi H 



fii{t,x,y)= I (8-x)£ cis, ^0,i,yeR, 

</o 

cj; > an explicit constant such that E[Rh(1) 2 ] = 1, and the double Wiener-tto integral 
I2 is with respect to a two-sided Brownian motion B. 

Let q ^ 3 be an integer. The following result is a consequence of Corollary 14.81 and 
Theorems 15.11 and 15.21 It gives the asymptotic behavior (after proper renormalization of 
each coordinate) of the pair (S qtn , S^.n) when D G (-, |) U (~, 00). Since what follows is 
just mean to be an illustration, we will not consider the remaining case, that is, when 
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D G (0, i); it is an interesting problem, but to answer it would be out of the scope of the 
present paper. 

Proposition 5.3. Let q ^ 3 be an integer, and let the constants a p and bo be given by 
Theorems 15.11 and \5.2\ r respectively. 

(1) If D e (|,oo) then 



H?' (a q B 1 ,a 2 B 2 ) , 

'n \/n / 

where (Bi,B 2 ) is a standard Brownian motion in M. 2 . 
(2) IfDe (J, i) then 

y/n n v u L[n) J 

where B is a Brownian motion independent of the Rosenblatt process R\-d °f Pa- 
rameter 1 — D. 

Proof. Let us first introduce a specific realization of the sequence {G k } k ^\ that will allow 
one to use the results of this paper. The space 

■L 2 (n) 



H := span{G 1; G 2 , ■ ■ ■} 



being a real separable Hilbert space, it is isometrically isomorphic to either (for some 
finite N ^ 1) or L 2 (M + ). Let us assume that % ~ L 2 (IR + ), the case where % ~ WL N being 
easier to handle. Let $ : % — > L 2 (R + ) be an isometry. Set e k = for each k ^ 1. We 

have 

POO 

r(k -l) = E[G k Gi] = / e fe (x)e/(x)rfx, k,l ^ 1. (5.33) 

Jo 

If B = (f?t) fe ]R + denotes a standard Brownian motion, we deduce that 

{G k } k ^ l = y™e k (t)dB t } 



these two sequences being indeed centered, Gaussian and having the same covariance struc- 
ture. Using (12.61) we deduce that S gjn has the same distribution than J g ( Ylk=i e fc" ? ) ( w ith 
7 g the g-tuple Wiener- ltd integral associated to B). 

Hence, to reach the conclusion of point 1 it suffices to combine Corollary 14.81 with The- 
orem 15.11 For point 2, just use Corollary 14.81 and Theorem 15.21 together with the fact 
that the distribution of Rn{t) is determined by its moments (as is the case for any double 
Wiener- Ito integral). □ 
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5.2. Moment-independence for discrete homogeneous chaos. To develop the next 
application we will need the following basic ingredients: 

(i) A sequence X = (X 1? X 2 , . . .) of i.i.d. random variables, with mean 0, variance 1 
and all moments finite. 

(ii) Two positive integers 51,52 as well as two sequences a k , n : W k — > M, n ^ 1 of 
real-valued functions satisfying for all i\, . . . , i qk > 1 and k — 1, 2, 

(a) [symmetry] a k , n (ii, . . . , i qk ) = a k ,n(i<r(i), • • • , M^.)) for evei T permutation a; 

(b) [vanishing on diagonals] a kn {ii, . . . , i qk ) = whenever i r = i s for some r 7^ s; 

(c) [unit-variance] 5J . =1 a fc , n (ii, . . . , i^) 2 = 1. 

Consider 

00 

Qfe,„(X) = a ktn (ii,...,i qk )X h ...X iqk , n > 1, fc = l,2. (5.34) 

ii,...,i, fe =i 

This series converges in L 2 (f2), £ , [Qfc ;n (X)] = and £'[Qfc )n (X) 2 ] = 1. We have the following 
result. 

Theorem 5.4. As n — > oo, assume that the contribution of each Xj to Q kn (X.) is uniformly 
negligible, that is, 



oo 



sup y~] a k>n (i,i 2 ,...,i qk f-^0, k = 1,2, (5.35) 
»>i . ^-r' , 

- l 2 ,...,l qk =l 

and that, for any r = 1, . . . , 51 A 52, 

00/00 \ ^ 

^ ] ( ^ ] a l,n(^l; • • • j Iri i\i ■ ■ ■ > ^gi— r)°2,n(^l) ■ ■ ■ ,l r , iq 1 -r+l, • • • 5 ^gi+g 2 -2r) J — ^ 0- 

il,...,j qi + 92 _2r = l \il,...,/r=l / 



T/ien Qi, n (X) and Q 2)n {X) are asymptotically moment-independent. 



(5.36) 



Proof: Fix M, N ^ 1. We want to prove that, as n — > oo, 

E[Q 1 , n (x) A/ g 2 ,n(x) 7V ] - ^g^x^fQ^x)*] o. (5.37) 

The proof is divided into three steps. 

Step 1. In this step we show that 

E[Q hn (X) M Q 2 , n (X) N } - E[Q l)n {G) M Q 2>n {G) N ] ^ as n -> oo. (5.38) 

Following the approach of Mossel, O'Donnel and Oleszkiewicz j5], we will use the Lindeberg 
replacement trick. Let G = (Gi,G 2 , • • •) be a sequence of i.i.d. N(0, 1) random variables 
independent of X. For a positive integer s, set = (G\, . . . , G s , X s+ i, X s+2 , . . .), and 
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put = X. Fix s > 1 and write for k — 1, 2 and n > 1, 

<i,-,<« fc 

h^s,...,iq k jts 

v k , n , s = e ^i,.,g^...^...^ 



g fc E «fe,n(s^2,...,i 9 J< s) ...W; (s) 



'<Jfc 

'2,-^=1 



where Ws^ means that the term Ws^ is dropped (observe that this notation bears no 
ambiguity: indeed, since a k ^ n vanishes on diagonals, each string i\, . . . ,i Qk contributing to 
the definition of V k ^ s contains the symbol s exactly once). For each s and k, note that 
Uk t n,s and Vk,n,s are independent of the variables X s and G s , and that 

Qk,n(W [S ~ 1) ) = U k ,n,s+X s V k ,n,s and Q fe , n (W«) = U k>n>a + G,V k , n , a . 

By the binomial formula, using the independence of X s from U kt n,s and V k)TliS , we have 



i=0 j=0 

Similarly, 

£[Ql,n(W( S )) M Q 2 ,„(W^ 



EE (T) (^^[^^M,^]^^'] 



i=0 j=0 

Therefore 

^[Qi,n(w( s - 1 )) M g 2 , n (w(- 1 )) JV ] - £[Q 1 , n (wW) M Q 2 , n (w(f] 

Now, observe that Propositions 3.11, 3.12 and 3.16 of [5] imply that both (t/i, n ,s)n,s>i and 
(?/2,n,s)n,s>i are uniformly bounded in all L P (Q) spaces. It also implies that, for any p ^ 3, 
k = 1, 2 and n, s > 1, 

where C p depends only on p. Hence, for < i < M, < j < N, i + j > 3, we have 

\E[U^:U^Vl n Xn,s\ I < C E[V^ s f 2 E[Vl n J'\ (5.39) 
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where C does not depend on n, s > 1. Since E[Xi] = E[G^ = and E[Xf] = E[Gf] = 1, 
we get 

oo 

E [ V k,nJ = QkQk ] - Yl ak ^ S ^ Z2 ' • • • ' l ^ 2 - 
i2,---,iq k =l 

When i > 3, then (I5.39P is bounded from above by 

(v (i-2)/2 

oo \ oo 

sup ^ a 1>n (i,i 2 , ■ ■ ■ ,i qi ) 2 \ ^ ai iri (s, i 2 , • • • , v) 2 , 

*- 1 t 2 ,...,j 91 =i y •••1*91=1 

where C does not depend on n, s > 1, and we get a similar bound when j > 3. If z = 2, 
then j > 1 (i + j > 3), so ( I5.39P isz bounded from above by 

/ \ j/2 

I oo \ oo 

C sup ^2 

\ — i2,---,* q2 =1 / *2, ■■■1*91=1 

and we have a similar bound when j = 2. Taking into account assumption ( I5.35P we infer 
that the upper-bound for (I5.39P is of the form 

2 oo 

Ofc,n(s, 12, ■ ■ ■ , iq k ) , 

k=l l2,...,igj.=l 

where lim^oo e n = and C is independent of n, s. We conclude that 

|^[Ql,n(W( S - 1 ))^Q 2 , n (W( S - 1 )) JV ] - E[Q l>n (W( S YQ2,n(W {S) ) N } | 

2 oo 

< Ce„y^ a k<n (s,i 2 , ■ ■ ■ , V) 2 ' 

fe=l i 2 ,...,iq k =l 

where C does not depend on n, s. Since, for fixed k,n, Q k , n (W^) -»• Q M (G) in L 2 (0) 
as s -y oo, by Propositions 3.11, 3.12 and 3.16 of [5], the convergence holds in all L P (Q). 
Hence 

\E[Q hn (X) M Q 2>n (X) N ] - E[Q 1>n (G) M Q 2>n (G) N }\ 

oo 

< |^[Qi,n(w( s - 1 )) M g 2 , n (w( s - 1 )) 7V ] - E[Q hn (w^) M Q2,n(w {s) ) N ]\ 

s=l 

2 oo 

<CtnJ2 Yl a M^i^2,.--,v) 2 = C((g 1 !)^ 1 + (g 2 !)^ 1 )e n . 

k=l h,...,iq h =l 

This proves (I5.38p . 

Step 2. We show that n — > oo, 
E[g lin (X) M ]-^[Qi,n(G) M ]^0 and £[Q 2iTl (X)"] - E[Q 2 , n (G) N ] -+ 0. (5.40) 
The proof is similar to Step 1 (and easier). Thus, we omit it. 
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Step 3. Without loss of generality we may and do assume that = B^ — Bk_i, where B 
is a standard Brownian motion. For k = 1, 2 and n ^ 1, due to the multiplication formula 
( 12.10p . Qk,n{G) is a multiple Wiener-Ito integral of order with respect to B: 

(00 
a fc,n(«l, • • • )«g fc )l[u-l,H]x...x[i, fc -l ) i, fc ] 

In this setting, condition ( I5.36P coincides with condition (7) of Theorem 13.11 (or (c) of 
Theorem 13. 4ft . Therefore, 

E[Q 1>n (G) M Q 2>n (G) N ] - E[Q l!n (G) M }E[Q 2<n (G) N ] 0. (5.41) 

Combining (15.381) . (15. 40ft and ( 15.41 j) we get the desired conclusion ( 15. 37ft . □ 




Remark 5.5. The conclusion of Theorem 15.41 may fail if either (I5.35P or ( I5.36P are not 
satisfied. It follows from Step 3 above that the theorem fails when (15.361) does not hold 
and X is Gaussian. Theorem 15.41 also fails when (I5.35P is not satisfied, (I5.36P holds, and 
X is a Rademacher sequence, as we can see from the following counterexample. Consider 
Qi — Q2 — 2, and set 

ai,n{hj) = ^(l{l}(0 1 {2}(j) + l{2}(i)l{l}(j) + l{l}(l)l{3}(j) + 1{3}W 1 {1}(J')) 
a 2,n(h j) = |( 1 {2}W 1 {4}0') + l{4}(«) 1 {2}(j) ~ l{3}(i) 1{4} (j) ~ 1{4} (l) 1{3}0')) ■ 

Then Qi,„(X) = \X X {X 2 + X 3 ) and Q 2 , n (X) = §X 4 (X 2 - X 3 ), where X { are i.i.d. with 
P(X t = 1) = P(X t = -1) = 1/2. It is straightforward to check that (ET35j) holds and 
obviously (I5.35P is not satisfied. Since Qi, n (X)Q 2 , n (X) = 0, we get 

= £[Q 1>n (X) 2 Q 2 , n (X) 2 ] ^ £[Q lin (X) 2 ]£[Q 2 , n (X) 2 ], 

implying in particular that Qi,ri(X) and Q 2;n (X) are (asymptotically) moment-dependent. 
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